arXiv:1507.08760v2 [math.AG] 29 Aug 2015 


IITAKA’S Cn,yn CONJECTURE FOR 3-FOLDS OVER FINITE 

FIELDS 

GAUCHER BIRKAR, YIFEI CHEN, AND LEI ZHANG 


Abstract. We prove litaka’s Cn.m conjecture for 3-folds over the algebraic 
closure of finite fields. Along the way we prove some results on the birational 
geometry of log surfaces over nonclosed fields and apply these to existence 
of relative good minimal models of 3-folds. 
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1. Introduction 


litaka’s conjecture. Let X be a normal projective variety over a field k, L a 
Cartier divisor on X, and N{L) the set of all positive integers m such that the 
linear system |mL| ^ 0. For an integer m G N{L), let ^\mL\ be the rational 
map dehned by |mL|. The Kodaira dimension k{L) is dehned as 



N{L) = 0 
N{L) ^ 0 


If L is a Q-Cartier divisor, k(L) := K{mL) for any natural number m so that 
mL is Cartier. This does not depend on the choice of m. 

The following conjecture due to litaka (in characteristic zero) is of fundamen¬ 
tal importance in the classihcation theory of algebraic varieties. 

Conjecture 1.1 (Cn,m)- Let f: X ^ Z be a contraction between smooth pro¬ 
jective varieties of dimension n, m respectively, over an algebraically closed field 
k. Assume the generic fibre F is smooth. Then 


k{Kx) > + n{Kz) 


One can formulate a more general problem when F is not smooth either by 
assuming it is geometrically integral with a resolution or by considering F as a 
variety over the function held of Z (for example, see Corollary 1.3). 

Over the complex numbers, the conjecture has been studied by Kawamata 
[18] [15] [16], Kollar [22], Viehweg [34] [35] [35], Birkar [2], Chen and Hacon [9], 
Cao and Paun [ 6 ], etc. We refer to [10] for a collection of results over C. In 
positive characteristic, Chen and Zhang proved the conjecture for hbrations of 
relative dimension one [10], and Patakfalvi proved it when Z is of general type 
and the generic geometric hbre satishes certain properties [27, Theorem 1.1] 
(see also [28, Corollary 4.6]). 

In this paper, we will prove: 

Theorem 1.2. Conjecture Cn,m holds when n = 3, k = Fp, and p > 5. 

The case € 3^2 follows from [10], so the main result here is C 34 . Our main tools 
are the log minimal model program for 3-folds developed recently by Hacon, 
Xu, and Birkar [12] [3] [37], birational geometry of log surfaces over nonclosed 
helds (see below), and the semi-positivity results of Patakfalvi [28]. The reason 
for the restriction fc = Fp is that it is often easier to prove semi-ampleness of 
divisors over hnite helds; for example if Kx f*D for some D = 0 on Z, 
then D ~q 0 is automatic over k = ¥p but the same conclusion would perhaps 
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require substantial effort over other fields; this is a major issue also in charac¬ 
teristic zero [15]. 

Since resolution theory holds in dimension three in positive characteristics, 
we get 

Corollary 1.3. Let f: X ^ Z be a contraction, from a smooth projective three 
dimensional variety to a smooth projective curve over ¥p,p > 5. Let F be a 
smooth model of generic geometric fibre of f. Then 

k{Kx) > K{Kp) + k{Kz) 

Log surfaces over nonclosed fields. Let X —)■ Z be a contraction between 
normal varieties and let F be its generic hbre. As is well-known, in char p > 0, 
F may not be smooth even if X and Z are smooth. Actually F may even be 
geometrically non-reduced. This creates difficulties because proofs in birational 
geometry are often based on induction and in this case we cannot simply apply 
induction and lift information from F to X. On the other hand, F has nice 
properties if we think of it as a variety over the function held of Z without 
passing to the algebraic closure of this function held. For example, if X is 
smooth, then F is regular. In particular, relevant to this paper is the case in 
which Af is a 3-fold and Z is a curve. So it is natural for us to consider surfaces 
over a not necessarily algebraically closed held k. 

It is easy to dehne pairs, singularities, minimal models, etc over an arbitrary 
held. See 2.4 and 2.5 for more details. 

Theorem 1.4. Let {X, B) be a projective dlt pair of dimension two over a field 
k where B is a Q-boundary. Then we can run an LMMP on Kx + B which 
ends with a log minimal model or a Mori fibre space. 

Theorem 1.5. Let {X, B) be a projective kit pair of dimension two over a field 
k where B is a Q-boundary. Assume Kx B is nef and that k{Kx + B) >0. 
Then Kx + B is semi-ample. 

These results were proved by Tanaka [32] not long ago. Actually he proves 
more general statements, in particular, he proves 1.5 without the assumption 
k{Kx + B) > 0. We give a self-contained proof of the above theorems. Our 
proof of 1.4 is perhaps the same as that in [32] which closely follows Keel’s tech¬ 
niques [19]. However, our proof of 1.5 seems to be diherent from his. He relies 
on another paper [31] but our proof is short and direct which follows Mumford’s 
ideas [26] and uses a result of Totaro [33]. In fact we worked out these proofs 
before [32] appeared. 


Relative good minimal models of 3-folds. As mentioned earlier our mo¬ 
tivation for considering surfaces over nonclosed helds is to treat 3-folds over 
curves. 

Theorem 1.6. Let {X, B) be a projective kit pair of dimension 3 where B is a 
Q-boundary, and f: X ^ Z be a contraction onto a curve, over¥p with p > 5. 
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Let F be the generic fibre of f. If k,{{Kx + B)\f) > 0, then {X,B) has a good 
log minimal model over Z. 

Actually the proof of the theorem works over any algebraically closed held of 
char p > 5 except when k{{Kx + B)\f) = 1. In this case we make use of the 
fact that any nef and big divisor on a surface over Fp is semi-ample. 

As far as Theorem 1.2 is concerned we only need special cases of 1.6 which 
in turn only needs special cases of 1.5. We only need the case when B = 0 and 
F is smooth, or when k{{Kx + B)\f) = 0 but F admits a contraction onto an 
elliptic curve. See Remark 3.17 for some more detailed explanations. 
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Paun in KIAS in February 2015. Part of this work was done when the hrst 
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Theoretical Sciences, and the visit was arranged by Jungkai A. Chen. He wishes 
to thank them all for their hospitality. The second author was supported by 
NSFC (No. 11201454 and No. 11231003). The third author was supported by 
grant NSFC (No. 11401358). We would like to thank Burt Totaro for answering 
our questions regarding the results in his paper [33]. 

2. Preliminaries 

We follow Kollar [20] to dehne canonical sheaves and divisors, adjnnction, 
pairs, singularities, etc which we discuss below. 

2.1. Relative canonical sheaves. Let / : A —)■ Z be a morphism of schemes 
where Z is regular and excellent, and X is pure dimensional and of hnite type 
over Z. Let S' be a closed subscheme of X and U := X \ S. Assume that 

• codimension of S in A is at least 2, and 

• f/ is a locally closed local complete intersection in some P^. 

Let X be the ideal sheaf of the closure of U in P^ and let j: U —?■ A be the 
inclusion map of U in A. Now dehne the relative canonical sheaf as 

^x/z = (detX/X^)^)|[/) 

Note that X/X^ is locally free on U. Moreover, is as usual dehned to be 

(Ppn (—n — 1). 

2.2. Relative canonical sheaves and divisors of normal schemes. Let 

/: A —)■ Z be a quasi-projective morphism of schemes where Z is regular and 
excellent, and A is integral and normal. The set of regular points of A is 
an open subset of A by dehnition of excellent schemes (cf. [5, page 382]). 
Let S be any closed subscheme of A containing the singnlar points and such 
that the codimension of S' in A is at least 2. Snch an S exists because A 
is normal. If we embed U as a locally closed subscheme into some P^, then 
t/ is a locally closed local complete intersection because U is regular (cf. [5, 
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Proposition 2.2.4]). Therefore we can define the relative canonical sheaf oJxjz 
as in the previous subsection. Under our assumptions, this sheaf is of the form 
Ox{Kx/z) for some divisor Kx/z which we refer to as the canonical divisor of 
X over Z (when Z is the spectrum of a held, we usually drop Z and just write 
ujx and Kx if the ground held is obvious from the context). 

If y ^ Z is another quasi-projective morphism from a normal integral scheme 

Y with Ky/z being Q-Cartier, and if we are given a morphism h\ X —)■ Y/Z, 
then we let Kx/y = Kx/z — KKy/z- 

Now assume that Z is integral and let F be the generic hbre oi X ^ Z. Let 

V and T be the inverse images of U and S under the morphism F ^ X. Then 
by Lemma 2.20 below, F is normal, V is regular, and the codimension of T in 
F is at least 2. We consider F with its natural scheme structure over K, the 
function held of Z. By the dehnition of canonical sheaves, coy is the pullback of 
tou/z- Therefore, Ky is the pullback of Ku/z- Moreover, if Kx + i? is M-Cartier 
for some M-divisor B, then we can write Kp +Bp for the pullback of Kx + i? to 
F where Bp is canonically determined by B-. more precisely. Bp is the closure 
of the pullback of B\u to V. 

2.3. Intersection theory. For a short introduction to intersection theory on 
a proper scheme X over a held k, see [21, Section 1.5]. Note that intersection 
numbers depend on the ground held k. For a detailed treatment of intersection 
theory on regular surfaces, see [24, Chapter 9]. Although [24] does not seem 
to treat the Riemann-Roch formula but it holds on regular projective surfaces. 
More precisely, if X is a regular surface projective over a held k and if L is a 
Cartier divisor, then 

X{mL) = ^L-{L- Kx) + A’(O) 

where Kx means the relative canonical divisor of X over k, and X{N) : = 
h^{N) — K{N) + h?{N) for any divisor (or sheaf) N which also depends on the 
ground held k. The formula can be proved as in the case of smooth surfaces 
over algebraically closed helds. The main point is that it can be reduced to 
Riemann-Roch on curves which holds in a quite general setting (cf. [24, Section 
7.3]). See [32, Section 1.3] for a complete proof. 

2.4. Pairs and singularities. Let /c be a held. A pair {X, B) over k consists 
of a normal quasi-projective variety X over k and an R-Weil divisor B with 
coefficients in [0,1] such that Kx -|- i? is R-Cartier. We usually refer to R as a 
boundary and when it has rational coefficients we say it is a Q-boundary. See 
[20, Dehnitions 1.5 and 2.8] for dehnitions in more general settings. 

For any projective birational morphism /: hF —)■ X from a normal variety hF, 
we can write Kw + Bw = f*{Kx + B) for some unique divisor Bw- For a prime 
divisor R on VF we dehne the log discrepancy a{D,X,B) to be 1 — 5 where b 
is the coefficient of D in Bw- We say (X, R) is Ic (resp. kit) if a{D,X,B) > 0 
(resp. a{D,X,B) > 0) for any D on any such W. On the other hand, we say 
(X, R) is dlt if there is a closed subset Z C X of codimension at least two 
such that a{D,X,B) > 0 for any D whose image in X is inside Z and such 
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that outside Z we have: X is regular and Supp B has simple normal crossing 
singularities. 

We say / is a log resolution if W is regular and Supp Bw has simple normal 
crossing singularities. Log resolutions exist when dimX = 2 [29] or if k is 
algebraically closed and dimX < 3; in these situations one can check whether 
{X,B) is Ic or kit by looking at one log resolution. Moreover, if dimX = 2, 
then a minimal resolution of X exists. 

2.5. Minimal models and Mori fibre spaces. Let {X, B) be a Ic pair and 
(Y, By) be a Q-factorial dlt pair, over a held fc, equipped with projective mor- 
phisms X ^ Z and Y ^ Z and a birational map 0: X ---> Y commuting with 
these morphisms such that 0*5 = By and such that 0“^ does not contract 
divisors. Assume in addition that 

a{D,X,B) < a{D,Y,By) 

for any prime divisor D on birational models of X with strict inequality if D 
is on X and exceptional/^. We say {Y,By) is a log minimal model of {X,B) 
over Z if Ky + By is nef/Z. We say {Y,By) is a Mori hbre space of {X,B) 
over Z if there is a Ky + 5y-negative extremal contraction Y TjZ with 
dimZ > dimT. 

2.6. Minimal models of 3-folds. For 3-folds we have the following result. 

Theorem 2.7. Let {X, B) be a projeetive kit pair of dimension 3 and X ^ Z 
a contraction, over an algebraically closed field k of char p > 5. 

(1) If Kx + B is pseudo-effective over Z, then {X, B) has a log minimal model 
over Z; 

(2) If Kx B is not pseudo-effective over Z, then {X,B) has a Mori fibre 
space over Z; 

(2) If Kx + B is nef over Z, and Kx + B or B is big over Z, then Kx + B 
is semi-ample over Z. 

Parts (1) is proved in [12] for canonical singularities, and in [3] in general. 
Parts (2) is proved in [ 8 ] for terminal singularities, and in [4] in general. Part 

(3) is proved in various forms in [3] [37] [4]. 

2.8. Adjunction. Let X be a normal projective variety over a held k. Let 
5 > 0 be a Q-divisor on X such that Kx+B is Q-Cartier. Let S' be a component 
of \_B\. Then we can write the pullback of Kx -|- 5 to the normalization 

as Ks<' + Bs'' where the diherent Bs^ > 0 is canonically determined. If {X, B) 
is Ic outside a codimension > 3 subset of X, then Bs’' is a boundary. See [20, 
Proposition 4.5] for more details. 

2.9. Varieties over Fp. Varieties over hnite helds enjoy some special proper¬ 
ties which we will exploit. For example, any numerically trivial divisor on a 
projective variety over Fp is torsion [19]. Another example is this: 
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Theorem 2.10 ([30, Theorem 0.2]). Let X be a normal projective surface over 
Fp. Let A he an effective Q-divisor on X. If Kx + A is nef then Kx + A is 
semi-ample. 

2.11. Semi-positivity of direct images of pluri-canonical sheaves. The 

following result is extracted from [28, 1.5, 1.6, 1.7 and the paragraph below 1.7]. 
It holds in a more general form but this is all we need in this paper. 

Theorem 2.12 ([28]). Let f: X ^ Z be a surjective morphism from a normal 
projective variety to a smooth projective curve over an algebraically closed field 
k. Assume Kx is Q-Cartier and that general fibers are strongly F-regular. 

• If Kx is nef over Z and Kx is semi-ample on the generic fibre of f, then 
Kx/z IS nef. 

• If Kx is ample over Z, then f^OxijnKx/z) is a nef vector bundle for any 
sufficiently divisible natural number m. 

We will apply the theorem only when A is a 3-fold and general fibres have 
canonical singularities. 

2.13. Varieties with elliptic fibrations. For fibrations whose general fibres 
are elliptic curves, we can use a weak canonical bundle formula which allows us 
to do induction. 

Theorem 2.14. Let f: X ^ Z be a contraction between smooth projective 
varieties over an algebraically closed field k such that the general fibres are 
elliptic curves. Then k{Kx/z) A 0. 

Proof. This follows from [10, 3.2]. 

□ 


2.15. Nef divisors with Kodaira dimension one. 

Lemma 2.16. Let X be a normal surface projective over a field k. Let L be a 
nef Q-divisor with n{L) = 1. Then L is semi-ample. 

Proof. Let A Z be the rational map defined by the linear system |mL| for 
some sufficiently divisible m > 0. Then dimZ = 1. We can replace A with the 
normalization of the graph of A ---> Z hence assume A Z is a morphism. 
We can in addition assume L > H > 0 where H is the pullbck of some ample 
Q-divisor on Z. Since L is not big, its support does not intersect the generic 
fibre of A —)■ Z. 

Let A be a fibre of A —)■ Z which has a common component with L. Let a 
be the smallest rational number such that L — aF < 0 near F. Then L — aF 
has no common component with F otherwise there would be two components 
C,D oi F such that C intersects A, C* is not a component of L — aF but D 
is a component of L — aF which implies {L — aF) • C* < 0, a contradiction. 
These arguments show that L is the pullback of some Q-divisor on Z which is 
necessarily ample, hence L is semi-ample. 


□ 
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2.17. Generically trivial divisors. We recall a result of Kawamata adapted 
to char p > 0. 

Lemma 2.18 ([4]). Let f: X ^ Z be a contraction between normal projective 
varieties over an algebraically closed field k and L a nef/Z Q-divisor on X such 
that L\f ~q 0 where F is the generic fibre of f. Assume dimZ < 3 if k has 
char p > 0. Then there exist a diagram 


X'^^X 



f 

z 


with projective birational, 
(j)*L ~(Q f'*D. Moreover, if Z 
Z' = Z. 


and an M.-Cartier divisor D on Z' 
is Q-factorial, then we can take X' 


such that 
= X and 


For a proof see [4, Lemma 5.6]. 


2.19. Generic fibres. Generic fibres often inherit the properties of the ambient 
space. 

Lemma 2.20. Let f: X ^ Z be a dominant morphism of integral Noetherian 
schemes and let F be its generic fibre. Then the following statements hold: 

(1) F is integral, 

(2) if X is normal, then F is also normal, and 

(3) if X is regular, then F is also regular. 

Proof. We can assume that X and Z are both affine, say X = SpecB and 
Z = Spec A. Let K be the fraction held of A and let L be the fraction held of 
B. 

(1) We need to show that K <Z)a B is integral. Assume not. Then there is 
some non-zero a E A such that Aa G)a B is also not integral. But Aa ®a B Ba 
and since X ^ Z is, dominant, A F B hence Ba is an integral domain. This is 
a contradiction. (2) and (3) follow from the fact that if p G A is a point and x 
its image in X, then the local ring Oy of y on F is isomorphic to the local ring 
Ox of X on X. 

□ 


2.21. Easy additivity of Kodaira dimensions. The following result is well- 
known to experts [11 Propostion 1]. 

Lemma 2.22. Let f: X ^ Z be a contraction between normal varieties pro¬ 
jective over a field k. Let D be an effective Q-Cartier Q-divisor on X and H a 
big Q-Cartier Q-divisor on Z. Then 

k{D + f*H) > k{D\f) + dimZ 

where F is the generic fibre of f. 
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Proof. Since D is effective, it is enough to prove the statement with H replaced 
by any positive multiple and D replaced hj D + lf*H for some / > 0. If 

Y ^ X is a. map, we denote the pullback of D to Id by Dy (similar notation 

for other divisors). Let m be a sufficiently divisible natural number and let 
d = dim.K {rnD f) — 1 where K is the function held of Z. Let S be the 
normalization of the image of fmOp'- F whose dimension is equal to 

k{Df). Moreover, (fmOp induces a (not unique) map ^jJ: X Pf over Z 

which restricts to (pmDp- Let T be the normalization of the image of if. Let 

Y be the normalization of the graph of X —> P^ and G the generic hbre of 

Y ^ Z. We have induced morphisms Y T, G ^ S, and G ^ F. 

Let A on Pf be the pullback of a hyperplane via the projection Pf —)■ P^. 
Perhaps after changing D up to Q-linear equivalence we can assume mDc > Aq- 
Thus replacing D with D + lf*H for some I we can assume rnDy > Ay- 
Therefore, we may replace X with T and replace D with Ay. But then the 
statement is trivial in this case because we can assume A + f*H is ample. 

□ 


2.23. Covering Theorem. 

Theorem 2.24 ([14 Theorem 10.5]). Let f:X Y be a proper surjective 
morphism between smooth complete varieties. If D is a Cartier divisor on Y 
and E an effective f-exceptional divisor on X, then 

K{f*D + E) = k{D). 

Here by /-exceptional we mean: for any prime divisor P on Y, there is a 
prime divisor Q on X mapping onto P such that Q is not a component of E. 

3. Log surfaces over nonclosed fields 

In this section k will denote a held which is not necessarily algebraically 
closed. Shafarevich [29] studied the minimal model theory of regular surfaces 
over nonclosed helds and Dedekind rings (see also [24]), and Manin [25] and 
Iskovskikh [13] treated the special case of rational surfaces. None of them 
seems to have discussed the abundance problem. If k is perfect (eg, when char 
fc = 0) or if the surface is smooth over /c, then one can often reduce problems to 
the algebraically closed case by passing to the algebraic closure. But our main 
point here is that we can actually prove many things by working over k rather 
than the algebraic closure when char k > 0. 

3.1. Curves with negative canonical divisor. As a preparation we collect 
some results about curves. 

Lemma 3.2. Let X be a local complete intersection integral projective curve 
over a field k, and let I = H^{Ox)- Assume that degj.Kx < 0. Then 

(i) Pic°(X) = 0; 

(ii) X is a conic over I, and deg; Kx = —2; 

(hi) if X is normal and char k > 2, then Xj = Pl. 
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Proof. By assumption deg^ Kx < 0, hence h^{Ox) = hP{Kx) = 0 which implies 
Pa{X) < 0. Then (i) and (ii) follow from [24, Chapter 9 Proposition 3.16], and 
(hi) is [ 8 , Lemma 6.5]. 

□ 


3.3. Reduced boundary of dlt pairs. 

Lemma 3.4. Assume {X, B) is a Q-factorial dlt pair of dimension two over a 
field k. Then every irreducible component of \_B\ is regular. 

Proof. Let S' be a component of [B\ and let x G S' be a closed point. As {X, S') 
is pit. S' is regular at x by [20, 3.35]. 

□ 

Proposition 3.5. Let {X,B) be a Q-factorial dlt pair of dimension two pro¬ 
jective over a field k where B is a Q-boundary. Assume S is a component of 
[RJ and A is an ample Q-divisor such that 

• {Kx + B)-S <0, 

• {Kx + R + A) • S' = 0, and 

• Kx B -\- A is nef and big. 

Then S can be contracted by a birational morphism X and the resulting 
pair {Y, By) is Q-factorial dlt. Moreover, {Kx + B) ■ S > —2. 

Proof. By perturbing the coefficients of B (i.e. by replacing B with B — P 
and replacing A with A -\- P for some appropriate P) we can assume S' = [B\. 
Since Kx + R + A is nef and big, we can write Kx + B + A H + D where 
H is ample and H > 0. Since {H + H) • S' = 0, S' is a component of D and 
S^ < 0. Let e > 0 be a small rational number such that A' := A + eS is ample. 
Then S' is the only curve on X such that {Kx + i? + A') • S' < 0. Let t be the 
smallest real number such that L := Kx + R + A' + tA is nef. We want to show 
L is semi-ample and that L ■ S' = 0. If char k = 0, the last sentence and the 
other claims of the proposition can be reduced to the algebraically closed case 
by passing to the algebraic closure. So we will assume char k > 0. 

By dehnition L is nef and big but not ample hence the augmented base locus 
B+(L) 7 ^ 0. Thus the exceptional set E(L) 7 ^ 0 [7], so there is a curve C with 
L-C = 0 which implies t is a rational number. Actually C* = S' by construction. 

By Lemma 3.4, S' is regular. Then by adjunction (2.8) we can write Ks-\-Bs = 
{Kx + .B)|s where Bs > 0. Since degj^{Ks + Bs) < 0, we have deg^Ks < 0. 
This implies Pic°(S') = 0 by Lemma 3.2. Therefore L\s 0 which implies that 
L is semi-ample [19], so it dehnes a birational contraction X ^ Y contracting 
exactly S' so that Ly is ample where Ly is the pushdown of L. 

The dlt property of {Y, By) is obvious once we show Y is Q-factorial where 
By is the pushdown of B. Let Ry be a prime divisor on Y and R its birational 
transform on X. There is s > 0 such that {R sS) • S' = 0. Since L is the 
pullback of an ample divisor on Y, the divisor M := mL-\-R-\-sS is nef and big 
on X, and E(M) = S' for any m ^ 0. Moreover, M\s ~q 0, so by [19, Theorem 
0.2], M is semi-ample, thus it is the pullback of some ample divisor My on Y. 
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But then Ry = My — mLy is Q-Cartier. This shows Y is Q-factorial. Finally 
{Kx + B)-S = deg,{Ks + Bs) > deg, Ks = -2 

□ 


3.6. Base point freeness. 

Proposition 3.7. Let {X,B) be a kit pair of dimension two projective over a 
field k where B is a Q-boundary. Assume L is a nef and big Q-divisor so that 
L — {Kx + B) is nef. Then L is semi-ample. 

Proof. If char fc = 0, we can pass to the algebraic closure of k in which case the 
theorem is well-known. So we will assume char fc > 0. 

Since L is nef and big, we can write L ~(q H + D where H is ample and 
D >d. Moreover, we can assume SuppZi) = B+(L), hence T|supp£) = 0 [7]. By 
[19, Theorem 1.9], there is a birational morphism X ^ V to a proper algebraic 
space V which contracts exactly D and that L = t)/V . 

Let (f: W —)■ X be a log resolution of {X,B -|- D). Let Aw be the sum of 
the birational transform of By plus the reduced exceptional divisor of IT —)■ P 
where By is the pushdown of B on V. Let Rw be an ample divisor on W 
and let Lw be the pullback of L. Also let G = L — {Kx + B) and Gw be its 
pullback. Fix m ^ 0 and let t be the smallest number such that 

Nw ■= Kw + Aw + Gw + tRw 

is nef. Note that by construction, Kw + Aw + Gw = Lw + Ew where Ew > 0 
and its support is equal to the exceptional locus of hF V. Moreover, Nw 
is nef and big but not ample, so by [7], there is a curve S with Nw -8 = 0. 
Since {Kw + Aw + Gw) ■ S < 0, Ew ■ S < 0, hence S' is a component of Ew 
which is contracted over F, so it is a component of Aw- In addition, t is a 
rational number and {Kw + Aw) • S' < 0. Therefore, by Proposition 3.5, S can 
be contracted by a birational morphism W —)■ W with an induced morphism 
W —)■ V. Continuing this process gives an LMMP on Kw + Aw over V. It 
terminates with some model Y on which Ky + Ay is nef/F. 

Since Ky + Ay = Ey/V, Ey is nef over F and since Ey is exceptional over F, 
we deduce Ey = 0 by the negativity lemma (which holds over arbitrary helds). 
Therefore, Y = V because Ey contains all the exceptional curves of F —?■ F. 
Thus F is projective and Q-factorial. Now Ly is ample and it pulls back to L, 
hence L is semi-ample. 

□ 

Proposition 3.8. Let (X, B) be a kit pair of dimension two projective over a 
field k where B is a Q-boundary. Assume L is a nef Q-divisor so that L — {Kx + 
B) is nef and big, and L is not numerically trivial. Then L is semi-ample. 

Proof. By Proposition 3.7, we can assume L is not big. Moreover, replacing X 
with its minimal resolution we can assume X is regular. Let G := L — {Kx + B). 
By the Riemann-Roch theorem for regular surfaces (see 2.3), for any sufficiently 
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divisible natural number m we have 

X{mL) = 2 ^-^ ■ “ ^x) + -^(0) 

Since G is big and L is not numerically trivial, L ■ G > 0, and since 

mL — Kx ~Q {jn — 1)L + B + G 

L ■ {mL — Kx) > 0, hence X{mL) is large when m is large. This implies 
h^{mL) > 2 for such m because K{mL) = h^{Kx — mL) = 0. Therefore, L is 
semi-ample by Lemma 2.16. 

□ 


3.9. Running the LMMP. 

Proof, (of Theorem 1.4) Step 1 . Assume Kx -|- R is pseudo-effective but not 
nef. First suppose X is Q-factorial (we will see in the next step that this is 
automatically satished). Let H be an ample divisor on X and let t be the 
smallest number such that L = Kx + B + tH is nef. Obviously L is nef and 
big. Moreover, t is rational which can be seen as in the proof of Proposition 
3.5. Although we can apply Proposition 3.7 to deduce that L is semi-ample 
and dehnes a contraction but we want to modify the situation so that the 
contraction contracts only one curve. Pick a curve G such that L ■ G = 0. Let 
A = (1 — 6)B -|- eG for certain small rational numbers e, <5 > 0 so that {X, A) is 
kit, {Kx -|-A) - G < 0, and 6B + tH is ample. Now let t' be the smallest number 
such that L' := Kx -|- A -|- 6B + t'H is nef. Then t < t' because G^ < 0, so L' 
is nef and big, and 5B -|- t'H is ample. Note that G is the only curve satisfying 
L' • G = 0. 

Now by Proposition 3.7, L' is semi-ample and it defines a non-trivial bira- 
tional contraction X contracting G with {Kx + B) ■ G <t). Let Ry be a 
prime divisor on Y and R its birational transform on X. Let r be the number 
such that (i?-|-rG)-G = 0. If m > 0 is sufficiently large, then L" := mL'+R+rG 
is nef and big. Moreover, applying 3.7 to L' + L" shows that L" is the pullback 
of an ample divisor on P, hence Ry is Q-Cartier. Therefore, Y is Q-factorial 
and {Y,By) is dlt. Now replace {X,B) with {Y,By) and repeat the argument. 

Step 2. In this step we show that the dlt property of {X, B) implies X is 
Q-factorial. Since the pair is dlt, there is a log resolution 0: IT —)■ A such 
that the log discrepancy a{D,X,B) > 0 for every curve D contracted by 0. 
Let Pw on hF be the sum of the birational transform of B and the reduced 
exceptional divisor of IT —)■ X. Then K^ -|- P^ = (j)*{Kx + B) + Ew where 
Ew > 0 is contracted over X. Let Hw be the pullback of the ample divisor H. 
Fix m 3> 0. Then applying a similar procedure as above we can run an LMMP 
on Kw + PvK + mHw- Since m S> 0, the curves G contracted by the LMMP 
intersect Hw trivially, by Proposition 3.5, so such curves are contracted by 0. 
In other words, the LMMP is over X. The LMMP contracts Ey/ so it ends with 
X which means X is Q-factorial. This and the previous step together prove the 
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theorem when Kx + B is pseudo-effective. 

Step 3. From now on we assume Kx + B is not pseudo-effective. If there 
is a curve C such that {Kx + B) ■ C < 0 and such that there is a birational 
morphism X ^ Y contracting exactly C, then we replace {X, B) with (y, By)- 
So we can assume there is no such C. 

Pick an ample divisor A and let t be the smallest number such that Kx + 
B + tA is pseudo-effective. By the last paragraph Kx + B + tA is nef: otherwise 
Kx + B + t'A is not nef for a rational number t' > t sufficiently close to t, so 
we can run an LMMP on Kx + B + t'A which is also an LMMP on Kx + B 
contracting some C, a contradiction. 

If p{X) = 1, then we already have a Mori fibre space. So assume p{X) > 1. 
Then there is another ample divisor H such that A is not numerically equivalent 
to hH for any number h. Let s be the smallest number such that Kx + B + sH 
is pseudo-effective. Arguing as above, Kx + B + sH is nef. By our choice of A 
and H both Kx + B + tA and Kx + B + sH cannot be numerically trivial at 
the same time. We may assume Kx + B +1A is not numerically trivial. 

Step 4 . In this step we assume t is a rational number. By Proposition 3.8, 
Kx + B + tA is semi-ample defining a contraction f: X ^ Z onto Z of dimen¬ 
sion one. Assume there is a hbre F of f which is not irreducible. Let C* be a 
component of F. Then < 0. We can find a Q-boundary A such that {X, A) 
is kit, Kx -|- A is pseudo-effective, and {Kx -|- A) • C < 0. So we can contract 
C. But since {Kx + B) ■ C < f), this contradicts the hrst paragraph of Step 3. 
Therefore, we can assume all the fibres of / are irreducible. But this means / 
is extremal and so / is a Mori hbre space. 

Step 5. Finally we show t is indeed a rational number. Assume not. We 
derive a contradiction. Let L = Kx + B + tA. For each sufficiently divisible 
natural number m, let am be the number so that |_mLj = mL — amA. Since t is 
not rational, there is an inhnite set 11 of such m so that the am form a strictly 
decreasing sequence with linimen dm = 0. On the other hand, for each m G 11, 
let be the number so that 

{mL — a'^A) ■ {{m — 1)L + B + {t — am)A) 

= {mL - a'^A) ■ ([mLj - Kx) = 0 
Since liiUmen a-m = 0 and = 0, we can see 

, mL ■ {{m - 1)L + B + {t - am)A) L-{B + tA) 

hm a™ = hm —^— -—---;- , = --— - > U 

mGii men A * {{tti — 1)L ~\- B {t — am)A) A * L 

Thus we can assume 

{mL — amA) ■ ([mLj — Kx) > T{m — 1)A ■ L 
for some r > 0 independent of m. Therefore, 

X{\mL\) = ^{mL - amA) ■ {[mL\ - Kx) -h A’(O) 
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is large when m G 11 is large. This in turn implies h^{\mL\) is large for such 
m, in particular, mL M for some M > 0. If C is a component of M, then 
L ■ C* = 0 which means f is a rational number, a contradiction. 


□ 


3.10. Mori fibre spaces. 

Proposition 3.11. Let {X, B) be a dlt pair of dimension two projective over a 
field k. Assume f: X ^ Z is a Mori fibre structure for {X, B) where dim Z = 1. 
Then the geometric general fibres of f are eonics and if char k > 2 they are 
smooth rational curves. In particular, if F is a general fibre, then {Kx+B)-F > 
- 2 . 

Proof. Let F be the generic hbre of / which is a regular curve by Lemma 2.20. 
Since —{Kx + B) is ample over Z, —Kp is ample. On the other hand, since / is 
a contraction, H^{Op) = K where K is the function held of Z. The assertions 
follow from Lemma 3.2 straightforwardly. 

□ 


3.12. Curves of canonical type. Let X he a regular surface projective over 
a held k. A connected divisor D = diDi > 0 is called a curve of canonical 
type if = 0 and Kx\d = 0. It is called indecomposable if there is no prime 
number dividing all the dj. The following result was proved by Mumford [26, 
page 332]. Although he assumes the ground held to be algebraically closed but 
his proof works for arbitrary helds. We give the proof for convenience (see also 
[1, Theorem 7.8]). 


Proposition 3.13. Let D be an indecomposable curve of canonical type. Let L 
be a Cartier divisor on D such that L = 0. If hP{L) ^ 0, then L ~ 0. 


Proof. Assume a G II^{L) is nonzero. Then is either nowhere vanishing 
or everywhere vanishing because Lip,. = 0. Since D is connected, either a is 
nowhere vanishing on D or alsuppD = 0. The former implies L is generated by 
global sections which in turn implies L ~ 0. So it is enough to treat the latter. 
Let Hi be the order of vanishing of a along Di. Let N = We want to 

show N = D. 

Assume < di, say for i = 1. Consider the exact sequence 


0 —?■ OpfiL — niDi) —j- —)■ (Tnj£)^(L) —)■ 0 


Since a|niDi = 0 by dehnition of ni, the section a\[ni+i)Di is the image of a 

section fi of (L—If P is the zero divisor of fi, then a local computation 

of intersection numbers shows that P > {N — ?7,iZ1i)|bi. More precisely, let 

n G Hi be a closed point, let R = Ox,v, and let fi be a local equation of Hj 

near v. Then locally considering a as an element of —it is easy to see 

ifl 

that a is represented by Xff^ ■ ■ ■ for some A G i?, and that (3 is represented 
by Xffj^ ■ ■ ■ fr"' which gives the equation of P near v. Therefore, from 


length 


R 




> length 


R 


R 


{flJ2^---fP^) 
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we deduce that locally near v we have P > {N — niDi)\j:)i because the left hand 
side of the displayed formula is the coefficient of u in P and the right hand side 
is nothing but the local intersection number {N — niDi)-Di at v which is in turn 
equal to the coefficient of n in {N — niDi)\£)^. As P ~ (L —niPi)|£)j, we deduce 
that degA^lijj < 0. Thus N is anti-nef. Letting a be the smallest number such 
that aN — D > 0 and taking intersection numbers one shows D = aN. Since 
the di have no common factor, N = D. Soa = 0,a contradiction. 

□ 

Proposition 3.14. Let D be an indecomposable curve of canonical type. Then 
the arithmetic genus Pa{D) = 1 and Kjj ~ 0. 

Proof. By definition of curves of canonical type Kd = {Kx + D)\d = 0. By 
[24, Chapter 7, Corollary 3.31], 0 = deg^iC^i = 2{pa{D) — 1). Thus Pa{D) = 
1 which means X{Od) = 0, hence h^^Oo) = h^iOo) > 0. So by duality 
hf{Kj:,) = > 0 which implies Kd ~ 0 by Proposition 3.13. 

□ 

Proposition 3.15. Assume char k > 0. Let D be an indecomposable curve of 
canonical type such that D\d is torsion. Then D is semi-ample on X . 

Proof. Let r be the order of D\d in Pic(P). First we want to show rD\rD ~ 0. 
This is trivially true if r = 1 , so assume r > 1 . Assume we already know 
rD\iD ~ 0 for some 0 < / < r. Consider the exact sequence 

0 —?■ OnirD — ID) —> (P(i+i)£i(r D) Oioir D) —>■ 0 

Now h^(OD(rD — ID)) = 0 by Proposition 3.13, and since X{Od) = 0, by 
Riemann-Roch we get 

XiOoirD - ID)) = degfc(rP - ID)\d + X{Od) = 0 

which implies K{OD{'f'D — ID)) = 0. So any nowhere vanishing section of 
OwirD) lifts to 0(i^i)D{rD) which shows rD\g^i-^D ~ 0. Inductively one shows 
rD\rD ~ 0. Finally applying [33, Lemma 4.1], we deduce D is semi-ample. 

□ 


3.16. Abundance. 

Proof, (of Theorem 1.5) We can assume Kx -|- P is not big by Proposition 
3.7. Replacing X with its minimal resolution we can assume X is regular. By 
assumption m{Kx + B) ~ M for some m > 0 and M > 0. Let n be a sufficiently 
large natural number. We can run an LMMP on Kx + nM because 

TlTfl 

Kx + nM ~ (1 + nm){Kx + - - B) 

1 -|- nm 

and because {X, j^^B) is kit. Moreover, we claim that M is numerically trivial 
on each step of the LMMP and the nefness of M is preserved in the process. 
Indeed assume the first step of the LMMP is a birational contraction X ^ Z 
contracting a curve E. Then deg^iPe = {Kx -\- E) ■ E < 0, hence by Lemma 
3.2, if setting I = H^{Oe) then 

-2 = deg; Ke = deg;(Ax + E)\e 
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which implies = —1- Thus from deg;(i^x + nM)\E < 0 we deduce 

M ■ £' = 0. On the other hand, if X —)■ Z is a Mori fibre space, then we stop the 
LMMP and in this case M = 0/Z by Proposition 3.11 and calculations similar 
to those above. Applying this argument to every step of the LMMP proves the 
claim. Note that the regularity of X is also preserved by the LMMP because 
the LMMP is a iPx-LMMP hence X remains with terminal singularities which 
implies regularity. 

Replacing X with the end product of the LMMP we can assume either Kx + 
nM is nef or that there is a Mori fibre structure X —)■ Z so that M = 0/Z. 
First assume Kx + nM is nef. There is a divisor 0 < H ^ diDi < M 
such that D is connected, the di have no common prime factor, and M = aD 
in a neighbourhood of D for some number a. In particular, D is nef. We 
show D is an indecomposable curve of canonical type. It is enough to show 
Kx\d = 0 because M not being big implies D\d = 0. Since M is not big and 
since m{Kx + R) ~ M, we deduce Kx + n'M is not big for any n'. Therefore, 
{Kx + nM + My = 0 from which we deduce {Kx + nM) • M = 0, hence 
{Kx + nM)\£i = 0, so Kx\d = 0. 

In order to apply Proposition 3.15 we need to show DIe is torsion. By 
construction, B\e = 0 which implies B = bD in some neighbourhood of D 
because D is connected, where 6 < 1 is a rational number. Taking m so that 
mb G Z we get 

0 ~ mKo = m{Kx + D)\E = m{Kx + B + D)\E-niB\E ~ {a+m)D\E-nibD\E 

which implies is torsion because a + m — mb > 0. Therefore, D is semi- 
ample, hence k{M) = 1 which implies M is semi-ample by Lemma 2.16. 

Now assume we have a Mori fibre structure X —)■ Z with M = 0/Z. li F 
is the generic fibre, then M\f ~ 0. This implies M is the pullback of some 
effective divisor N on Z. Either N is ample or X = 0, hence in any case M is 
semi-ample. □ 

Remark 3.17 Here we explain what we need from this section for the proof 
of Theorem 1.2. We will need Theorem 1.5 for the proof of Theorem 1.6. 
In turn we use Theorem 1.6 in the proofs of Corollary 4.1 and Proposition 
5.3 (steps 1 and 5) in two situations: when (1) F is smooth and when (2) 
k{Kp + Bp '■= {Kx + B)\p) = 0 and there is a surjective map F ^ C onto an 
elliptic curve defined over the function field X of Z and such that Kp + Bp is 
big over C. In each case it is enough to know that Kp + Bp is semi-ample. In 
case (1), we can pass to the algebraic closure K and deduce that Kp + Bp is 
semi-ample. In case (2), m{Kp + Bp) ~ Mp > 0 for some m > 0, and using the 
map X —?■ C* it is relatively easy to show Mp = 0: if not then each connected 
component of Mp is irreducible; let D be the reduction of such a component; 
then there is one such D which maps onto C and one can show that D is an 
elliptic curve with Kp ■ D = 0 and D\p torsion; one then applies Proposition 
3.15 to deduce that D is semi-ample, hence K,{Mp) > 1, a contradiction. 
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4. Relative good minimal models of 3-folds 


Proof, (of Theorem 1.6) By [3], {X,B) has a log minimal model over Z. Re¬ 
placing X with the minimal model, we can assnme Kx + B is nef/Z. Let F be 
the generic hbre oi X ^ Z and let Kp + Bp = {Kx + B)\p. Then (F, Bp) is 
kit and Kp -|- Bp is nef with k{Kp + Bp) > 0. By Theorem 1.5, Kp + Bp is 
semi-ample. 

If i<i{Kp + Bp) = 0, then Kp + Bp 0, hence Kx + B ~q 0/Z, by Lemma 
2.18. On the other hand, if k{Kp + Bp) = 2, then Kx -|- R is big/Z, hence it 
is semi-ample over Z by Theorem 2.7. So we will assnme k{Kp + Bp) = 1. 

Since Kp + Bp is semi-ample and k{Kp + Bp) = 1, there is a diagram 


Y 




where 0 is birational. S' is a smooth projective snrface, and (f)*{Kx + B)\c 0 
on the generic hbre G of g. By Lemma 2.18, we can actnally assnme (j)*{Kx + 
B) ~Q 0/S'. So (i)*{Kx + B) g*D for some Q-Cartier divisor D on S'. On 
the other hand, let H be an ample divisor on Z. Then since D is nef and big 
over Z, D + nh*H is nef and big for any n S> 0. Since we are working over Fp, 
D + nh*H is semi-ample (this follows from [19]) which implies D is semi-ample 
over Z from which we dednce Kx -|- R is semi-ample over Z. 


□ 


Corollary 4.1. Let W be a smooth projective 3-fold over an algebraically closed 
field k of char p > 5. Assume k{Ki^) = 1 and that g: W —?■ C is the litaka 
fibration. In addition assume X is a minimal model of W. Then the induced 
map X ---»• C IS a morphism and Kx 0/C. 

Proof. Let Y be minimal model of W over C which comes with a morphism 
r: Y —)■ C. Let R be the generic hbre of r. We show that R is a regnlar 
surface. Since W is smooth, Y has terminal singularities. So R also has terminal 
singularities because if 0: R —)■ R is a resolution, then it induces a birational 
morphism fj: S ^ R, where S is the generic hbre of R —)■ C, such that Ks = 
ip*Kp-\-E where R > 0 is exceptional over R. Therefore, the minimal resolution 
of R is isomorphic to R, hence R is regular. 

Since k{Kw) = 1 and since g is the litaka hbration of K^/, n{Kji) = 0. 
Moreover, as Ky is nef over C, Kp is nef too. Therefore, by Theorem 1.5, 
Kr 0. This implies Ky ~q 0/C as Ky is nef over C, by Lemma 2.18. Thus 
Ky is the pullback of an ample divisor on C. In particular, this means R is a 
minimal model of IR globally, not just over C. 

Now let X be any minimal model of IR. Then X and R are isomorphic in 
codimension one. Moreover, the induced map X ---> C is a morphism because 
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C is the canonical model of both X and Y. Therefore, Kx O/C* as claimed. 

□ 


5. Kodaira dimensions 


In this section we prove some results on Kodaira dimensions which will be 
used in the proof of Theorem 1.2. 


Proposition 5.1. Let f: X ^ Z be a contraction from a smooth projective 
variety onto a smooth projective curve over an algebraically closed field k of 
char p > 0. Assume there is an integer m > 1 such that is non-zero 

and nef. If either 

( 1 ) aiZ) > 1 ; or 

(2) g{Z) = 1 and deg/*a;™/^ > 0, 
then k{Kx) > k{Kp) + 1 . 

Proof. (1) Since non-zero, for each integer I > 0 there is a non¬ 
zero map Sff^oj'fli^) —)■ Since is nef hence weakly positive, for 

sufficiently big /, Sff:t:Ufl^^^Oz{P)) is globally generated, so fiu'‘ffi^ 2 (ZOz{lP)) 
has a non-zero global section which implies l{mKx/z+f*P) is linearly equivalent 
to an effective divisor where P is a point on Z. 

As g{Z) > 1, we can write Kz ~ P-|-iV where N is an effective divisor. Then 

ImKx ~ IfinKxjz + f*?) + (m - 1)//*P + ImX 

Applying Lemma 2.22 we are done in this case. 

(2) Let r = rank f^ojf^i^. Consider the base change 


X' = X xz Z' — - 


Z' 


TT 


/ 

Z 


where tt is an etale map of degree d > r and Z' is integral. Note that such a 
TT exists by considering the algebraic fundamental group of Z. Moreover, Z' is 
again an elliptic curve. Since / and tt are both flat, we have ux'iz' = Q^^x/z 
and fiojx'/z' — '^*f*^xiz- Riemann-Roch for vector bundles over a curve, 
we have 

h\f:u^,i^,®Ozfi-p'y) 

> deg(/'a;™/^, O C>z/(-P')) 

= deg/>^,/^,-r 
= d deg f*ujf^/z - r > 0 , 

where P' G Z' is a closed point. So mKx> = mKx'jz' ~ f'*p' E for some 
effective divisor E on X'. Then 


k{Kx) = n{Kx') = n{Kx' + f*P') > ^{Kp,) + 1 = k{Kp) + 1 
by Lemma 2.22 where F' is the generic hbre of /'. 

□ 
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Proposition 5.2. Let fX Z be a contraction from a normal projective 
variety to an elliptic curve over Fp. Assume that f*ujx/z ® non-zero nef 
vector bundle for some I > 0. Then k{Kx) ^ 0. 


Proof. If degf^oj^x/z > 0’ then 

— ^^{f*^x/z) — x{f*^x/z) > 0 

So we can assume deg/^ca^^^ = 0- The vector bundle can be decom¬ 

posed into a direct sum 0. Vi <8) L, where Vi are nef indecomposable vector 
bundles with h^{Vi) = 1 and L, are line bundles with degLj = 0. Since we work 
over Fp, Li is torsion, say of order n. We have an etale cover vr: Z' ^ Z induced 
by the relation L” ~ Oz- Consider the base change f'\X' = X Xz Z' ^ Z'. 
Then fiujx'/z' — '^* f*‘^x/z- f*‘^x'/z' contains 7r*Vi 0 7r*Li = x*Vi, hence 

h%ujx') = h\fluj^x>/z') > h\-K*Vr) = 1 


So i^{Kx) = n{Kx') > 0. 


□ 


Proposition 5.3. Let f: X ^ Z be a contraction from a projective 3-fold 
with Q-factorial terminal singularities to an elliptic curve overWp with p > 5. 
Assume that Kx is big over Z and that the generic fiber of f is smooth. Then 
k{X) > 2. 

Proof. Step 1. By Theorem 2.7, there is a minimal model Y for X over Z. Let 
F and G be the generic hbres of X —)■ Z and Y ^ Z respectively, and let 
tt: F —)■ G be the induced morphism. We want to show G is smooth over K 
where K is the function held of Z. We denote G^ by t, ^ G by 

/i, and Fr -P- F hy p. Since <p: X P is a contraction near F, vr is also a 
contraction, so tt^Of = Oq- Moreover, since p is hat, we have 

= Tt*p*OF = P*'K^Of = P*Og = Ocp. 

Therefore, vf is a contraction which in particular implies Gr is normal. 

On the other hand, near F, Kx = 4>*Ky + E for some ehective divisor F 
whose support near F is equal to the union of all the exceptional/F divisors 
near F. Thus Kp^ = + Fp where Ep > 0 whose support contains all 

the exceptional curves of tt. We deduce Gr has terminal singularities, hence it 
is smooth. Therefore, G is smooth over K. 

Replacing X with Y, we can assume Kx is nef/Z. Since Z is an elliptic 
curve, Kx is actually globally nef by the cone theorem [4, Theorem 1.1]. 


Step 2. Let X' be the canonical model of X over Z which exists by Theorem 
2.7. So Kx' is ample over Z. The general hbres of /': X' —)■ Z are normal 
because they are regular in codimension one and they are Cohen-Macaulay. 
Thus they have canonical singularities, hence are strongly F-regular. Therefore, 
by Theorem 2.12, flu'll = is a nef vector bundle for any sufficiently 

divisible m > 0. 
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If i/{Kx) = 3, then k{Kx) = 3, so there is nothing to prove. On the other 
hand, if is nef with deg > 0 for some m > 0, then we are done by 

applying Proposition 5.1 to a resolution of X. So in the following we assume 
p^Kx) = 2 and that deg/*a;™ = 0 for any sufficiently divisible positive integer 

m. 


Step 3. To ease notation, from here until the end of Step 4 we replace X 
with X'. Applying Proposition 5.2 and Step 2, we hnd a positive integer / and 
a divisor M > 0 such that IKx ~ M and that f^oJx is nef for any k > 1. We 
prove that Kx\m is semi-ample. 

Let T be a component of M. Then T is horizontal/Z otherwise M would be 
big by considering M^. Take the normalization S' —)■ T, and let C C S' be the 
reduction of the conductor. Write M = nT + T' where T is not a component 
of T'. By adjunction [19, 5.3], we have 

M 

(Xx + “)ls' ~Q Xs + C + D 

where H is a canonically dehned effective Q-divisor and 1 ^ means pullback to 
S'. Then Xx\s is semi-ample on S by Theorem 2.10. We want to argue that 
semi-ampleness of Xx\s implies semi-ampleness of Xx\t- 

Since Xx is nef and X^ = 0, we have X^ • T = 0, i.e., {Xx\t)‘^ = 0, thus 
(Xxls)"^ = 0. Then since Xx\t is ample over Z, we get ^{Xxls) = 1- We 
denote hy h: S ^ V the map associated to Xx\s and denote by ST a general 
hber which has genus g{H) > 1 because it dominates Z. As Xx\s ■ H = 0, we 
have {Xs + C + D) ■ H = 0, hence 

0<degXH = {Xs + H)-H = Ks-H = -{C + D) ■ H < 0 

Therefore, C ■ H = D ■ H = 0, and H is smooth with genus g{H) = 1. Applying 
[19, Corollary 2.15], we conclude that Xx\t is semi-ample, and the associated 
map h: T —)■ C is an elliptic hbration. In particular, this means that no com¬ 
ponent of T' intersects the general hbres of h. 

Let i? < M be a reduced divisor and assume that Xx\r is semi-ample. If 
R = SuppM, then we are done by [19, Lemma 1.4]. If not, pick a component 
T of M which is not a component of R. As noted above, Xx\t is semi-ample 
defining a contraction h: T ^ V whose general fibres do not intersect any 
component of R. Applying [19, Corollary 2 . 12 ], we deduce that Xx\tur is 
semi-ample. Inductively, we extend R to the support of M. 

Step 4. In this step we prove k{Xx) > 1. Consider the following exact 
sequence 

(5.3.1) 0 ^ Ox{{k - 1)M) Ox{kM) OM^kM) 0 

For fc > 2, by assumptions in Step 2, both f^OxikM) and f\,Ox{{k — 1)M) are 
nef vector bundles with 


degf^OxikM) = <legf^Ox{,{k - l)M) = 0 
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If 

h\UOx{kM)) = h\UOx{{k - l)M)) = 1 

for all k > 2, then h^{f^Ox{{k — 1)M)) = 1 for such k by Riemann-Roch, 
and by taking cohomology of the exact sequence (5.3.1), we conclude that 
h^{OM{kM)) < 1. However, this contradicts semi-ampleness of M\m and the 
property u{M\m) > 1- Therefore, k{Kx) > 1. 

Step 5. Assume k{Kx) = 1. We will derive a contradiction. Let IT —)■ X be 
a resolution so that the litaka hbration IR —)■ C is a morphism. By Corollary 
4.1, the induced map X C is a morphism and Kx ~q 0/C. In particular, 
u{Kx) = 1 which contradicts the assumption v[Kx) = 2. 

□ 


6. Proof of Theorem 1.2 

Proof, (of Theorem 1.2) We can assume k{Kz) > 0 and k{Kf) > 0. As pointed 
out in the introduction 0^,2 follows from [10], so we will assume n = 3 and 
m = 1. Replacing X with a minimal model over Z, we can assume Kx is 
nef/Z. Of course X may not be smooth any more but it has Q-factorial terminal 
singularities. The generic hbre stays smooth by the arguments in Step 1 of the 
proof of Theorem 5.3. 

If k{Kf) = 0, then by Theorem 1.6 and Lemma 2.18, Kx/z ~q f*M for 
some Q-divisor M. Moreover, by Theorem 2.12, Kx/z is nef, hence degM > 0 
which implies k{M) > 0 as we are working over Fp. Thus k{Kx/z) ^ 0 and 

k{Kx) = k{Kx/z + rKz) > k{Kz) 

If k{Kf) = 1, by Theorem 1.6, there is a commutative diagram 


X- - --r 



such that g is an elliptic hbration (as p > 5) and Kx g*N for some Q-divisor 
N. By the cone theorem [4, Theorem 1.1], Kx is nef, hence N is nef too. On 
the other hand, by Theorem 2.14 applied to appropriate resolutions of X and 
Y we get N ~q Ky + A where A is effective. Applying Theorem 2.10, we can 
conclude that Ky -|- A is semi-ample. So Kx is semi-ample on X. Then since 
k^x/z is nef (Theorem 2.12), we have 

k{Kx) = iy{Kx) > k{Kz) + 1 

where i>[Kx) denotes the numerical dimension of Kx- 

Finally assume k{Kf) = 2. If n{Kz) = 0 we apply Proposition 5.3. But if 
k{Kz) = 1, we replace X with its canonical model over Z so that Kx is ample 
over Z, and we use Theorem 2.12 to deduce f^^^/z is nef for sufficiently divisible 
m > 0 as in the proof of 5.3; next we apply Proposition 5.1 to a resolution of 
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X. 

□ 

Proof, (of Corollary 1.3) By [1, Corollary 7.3] / has integral generic geometric 
fibre. Let F be the generic hbre of /, let Fi = F Xk{z) K{Z)^, and let 
Fi —>■ Fi be a desingularization. Since K(Z)^ is perfect, Fi is smooth over 
K{Z)^ by [24, Chapter 4 Corollary 3.33]. Therefore, there exists a natural 
number e such that Fi can be descent to F 2 , which is a desingularization of 
F2 = F Xk(z) K{Z)^ and smooth over K{Z)^. 

Denote by F® : Z' —)■ Z the e-th Frobenius iteration. We have the following 
commutative diagram 



where tt : X' —)■ X Z' is a resolution. By the above argument, f has smooth 

generic fiber F'. By Theorem 1.2, 

k{Kx') > k{Kf,) + k{Kz') = K{Kp) + k{Kz). 

Let a = gii ■. X' ^ X he the natural composite map. By [10, Theorem 2.4], 
there exists an effective a-exceptional divisor E on X' such that 

Xx'iz' < o'*Kxiz + E. 

Thus 

Kx' + - l)rxz, < a*Kx + E. 

We can assume Kz' is effective, thus 

k{Kx) = K{a*Kx + E)> k{Kx' + (p" - l)Fz') > t^{Kx') > «:(Xp) + k{Kz), 
where the first “=” is from Covering Theorem 2.24. 

□ 
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